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I. INTRODUCTION
Elementary particles are currently grouped into three major classes. Those that do not participate in the strong interaction are referred to as leptons; those that do participate in the strong interaction are known as hadrons (baryons and mesons) and those which mediate interactions are known as gauge bosons. At present it is generally believed that the hadrons are composed of still more fundamental particles known as quarks which are thought to interact through the exchange of one type of gauge boson known as gluons. The only widely accepted theory of strong interactions is Quantum Chromodynamics (QCD). To date no one has solved this theory. Many models which are more easily solved have been inspired by QCD. In one of the simplest forms of these models, known as the naive quark model or more simply as the quark model, hadrons having integer intrinsic angular momentum are considered to be composed of a quark and an antiquark while hadrons having half-integer intrinsic angular momentum are considered to be composed of three quarks.
The research described here originally grew out of an interest in constructing models for baryons which would properly take into account the effects of the special theory of relativity. Because the theory which describes the interaction between quarks, QCD, is a renormalizable quantum field theory, a system of quarks should be correctly described by the relativistic wave equation known as the Bethe-Salpeter equation^. The Bethe-Salpeter equation is a four-dimensional equation and is usually used in one of its three-dimensional reductions. Study of the literature revealed no fully satisfactory method for its solution even in these reductions, hence the bulk of the research described here consists of development of satisfactory methods for solution of the Bethe-Salpeter equation within various three-dimensional reductions for quark models of the mesons.
Three essential elements of most quark models for hadrons are, that quarks are spin-half particles, that when quarks are close together they interact by the one gluon exchange potential (OGE) given by perturbative QCD, and the hypothesis of a particular form of confinement. The confinement hypothesis states that the quarks which make up a hadron are confined to remain within a finite distance of each other. The last of these three assumptions, the confinement hypothesis, is a major cause of difficulty in attempting to construct quark models for hadrons using the an integral equation to a partial diff'erential equation. The difficulty with this proce dure is that both lattice gauge calculations and detailed fits of hadron spectra seem to indicate that the harmonic oscillator is not the correct form for the confinement kernel but rather that a linear confinement kernel is best.
Another approach to constructing a quark model for hadrons is to replace the five parameters they were able to obtain a good global fit to the meson spectrum.
There are, however, several difficulties with these approaches.
One difficulty with using nonrelativistic reductions is that the reliability of such a reduction depends on the expectation value of p/m for a given eigenstate, where p is the magnitude of the particles momentum and m denotes its rest mass. As reported in Chapter II, I find the expectation values oîp/m for various charmonium eigenstates to be greater than 0.47c. These values are large enough to cast doubt on the reliability of a nonrelativistic reduction based upon an expansion in powers of p/m. A second, and related objection is that nonrelativistic reductions of a OGE potential contain terms proportional to r~^ and hence these terms can only be included perturbatively or by using some regularization scheme.
A treatment of the heavy meson spectrum based upon solution of a threedimensional reduction of the Bethe-Salpeter equation with a realistic interaction was presented in the work of Chris Long®. Working in a mixture of coordinate and momentum representations and using a harmonic oscillator basis, he obtained mass eigenvalues for charmonium and b-quarkonium for one of the cases considered in Chapter IL One of the difficulties with this procedure is in generalizing it to treat the baryon. In practice, relativistic three-body calculations are usually done in the momentum representation using a basis of three-particle angular momentum eigenstates for partial wave decomposition of the wave equations. It is not obvious how to generalize this mixture of coordinate and momentum representation methods to deal with such a partial wave decomposition.
When considering relativistic quark models for mesons the work of Crater and
Van Alstine^ is particularly relevant. Using a two particle wave equation based upon Dirac's constraint form of relativistic quantum mechanics they were able to obtain a good fit to the meson spectrum with a one parameter potential. Although this shows the importance of using a wave equation satisfying Lorentz covariance, it is not obvious how the wave equation they used is related to quantum field theory. In an earlier work® which we refer to as I, confinement potentials in momentum space integral equations for spinless particles were treated by introducing a cutoff.
II. SOLVING THE BETHE-SALPETER EQUATION WITH SPIN FOR CONFINING POTENTIALS
In a succeeding work^ which we refer to as II, we introduced techniques to evaluate analytically the limit as the cutoff goes to zero. In the current work we employ the procedures of II together with standard results from the meson theory of nuclear forces to treat confinement potentials for particles with spin. As a result, many of the techniques of relativistic nuclear physics developed to treat such potentials can be adapted in a straightforward manner. Thus the current work improves on the results of I and II in several ways and retains the advantage that general nonlocal potentials can be treated in addition to these singular potentials.
A. The Equations
Working in the center of momentum (CM) frame, we consider two three-dimensional reductions of the BS equation. The first reduction is an instantaneous approximation (lA), known as Salpeter's equation^'
and (lo)
The A"^(g )(A~(g )) are projection operators that project positive (negative) energy free particle states and are defined by
The kernel G{q -q') represents the interaction between the particles, and de noting a" = /3, the matrices and aj' satisfy
where /u, i/=0, 1, 2, 3.
The inclusion of coupling between positive and negative frequency states is particularly important for light mesons for which the energy gap between positive and negative frequency states is relatively small. It is also more important when considering interactions containing pseudo-scalar terms because such terms couple positive and negative frequency states strongly. For these reasons inclusion of this coupling is crucial to the problem of attempting to determine the Lorentz structure of the confinement kernel and when fitting both light and heavy meson spectra together and will be treated later. Hov/ever the inclusion of the coupling between positive and negative frequency states is not important for the present examination of methods for solution of the BS equation so we neglect them and equation (la) becomes (9);rfVC(9-9')A^(?')A,!(?')«?') and similarly for (lb).
A second three-dimensional reduction of the BS equation also explicitly treated here is the Blankenbecler-Sugar (BbS)^^ reduction which for the case Tn" = mf, = m has the form
Note that both the amplitude (f){q') and the el G{q -q') are different than for the lA.
B. The Kernels
In relativistic nuclear physics systems containing two or three nucléons are of 
Here the 7,, denote the usual Dirac matrices.
For the lA such a three-dimensional reduction gives a potential which we denote by V~'(q',g',fi) and which is given by
Since exp{-fir)/r = r', we define the momentum-space kernel which corresponds to the coordinate space kernel
with a class of singular potentials including confining forms being given by
The limit -> 0 is to be taken after integration over q'.
Since the OBEP is simply the special case of (6a) Uncoupled Triplet:
Coupled Triplet:
The details of the expressions for the ' V ' differ with the Lorentz structure of the kernel and for other reductions of the BS equation. Our procedure for generalizing the OBEP results to treat confinement is the same in each case so we present only 14 the scalar case with equal mass particles and within the lA.
For the scalar case define
where q{q') now denotes the magnitude of ^q') and Qj{Z) are the Legendre functions of the second type as defined below.
The explicit forms for the ^F'^'s for this case are then "F/ = Cs (Ffl!,">(Z) + Fi"/5"(Z))
The results for the BbS reduction are similar.
D. Treatment of Singularities
The 
and then integrating by parts twice and using the boundary conditions gives Satisfactory choices for q and 6, giving numerically stable results in all partial waves,
were arq = 0.5 GeV and 6 = 0.025 GeV.
F. Evaluation of Integrals
In order to evaluate needed integrals of the form Being able to evaluate the first integrals analytically is a major advantage of this method, however certain limitations need to be kept in mind. First, because this method deals with polynomials of moderately high degree in the momenta, it is desirable to choose units so that the values of the momenta characteristic of the problem are of order unity, which in this case means making q of order unity. Second, it was found desirable to use a method of solution for the equations which utilized symmetric matrices. This was the case because the method worked best for the upper triangular portion of the matrices and the lower triangular portion of the symmetric matrices can be obtained from the upper portion by reflection. Third, as is usually true when dealing with numerical solution of integral equations, it was found desirable to use double precision when working on a machine with a 32 bit word length.
G. Results and Discussion
Using a basis of 31 splines for each value of L we solved for eigenenergies and eigenfunctions of the lA and BbS reductions of the BS equation with Coulomb plus confinement kernels -4^a7.7" ® %7" + lim V'
(-(9-9')") V ^ 0/ \
(-{q -q')'ft-)
The results are presented in Table 1 . The calculation labeled IA(I) was done with r(g)r = l(S»l+7r,<S'7'' and the remainder labeled with lA(II) and BbS with = 1®1.
In columns eight and nine results for a related calculation®, using a coordinate space kernel corresponding to (12) In the b-quarkonium spectrum we found, in addition to states corresponding to the observed 1" states, which were primarily S states, two unobserved 1~ states having eigenenergies near lOlOOMeV and near 10450MeV in our calculations. These states were almost pure D states and their existence represents a prediction of these calcu lations.
Comparing the BbS calculation with the lA calculation using the same kernel, lA(II), we note that there is good agreement for the eigenenergies of b-quarkonium.
However, in the charmonium case where the quark mass is lighter, the agreement between lA(II) and BbS rapidly deteriorates with increasing charmonium mass. In Figure 1 we give the radial dependence of the lA(II) eigenfunction for the first 0~ state of charmonium and in Figure 2 that of the second 0~ state. Likewise, in Figure 3 we give both the S and D components of the first 1~ state of charmonium and in Figure 4 those of the third 1~ state. Figures 3 and 4 demonstrate that L is not a good quantum number for this problem. It is also interesting to find a calculated 1" state, which is primarily a D state, such as shown in Figure 4 , in among other 1~ states which are primarily S states. These eigenfunctions (j) are normalized such that = 1. It is also interesting to note that, at small values of the momentum, the eigenfunctions look much like harmonic oscillator eigenfunctions as might be expected for a confinement kernel. At larger values of the momentum, the eigenfunctions fall off slowly with the long low tail characteristic of momentum space Coulomb eigenfunctions. Noting that the x-axis for these figures is labeled in units of GeV/c and that we have taken the charmed quark mass to be 1.25 GeV, the relativistic nature of the problem is apparent. The relativistic nature of the problem is also apparent when comparing the eigenenergies in column IA(I) of Table (1), for scalar plus pseudoscalar confinement, with these in columns lA(II), and BbS for the corresponding lA and BbS calculation with scalar confinement. In the nonrelativistic limit these would all be equal, as is much the case with b-quarkonium. In the case of charmonium, the differences are already significant.
Another argument for the relativistic nature of charmonium is given in Table 2 .
There we give expectation values for a nonrelativistic velocity operator = q/m and a corresponding relativistic expression fiu-.L = E{q). From the fact that the val ues presented are all larger than 0.48c we conclude that the motion of the constituents in this model is substantially relativistic We therefore expect that the calculation of additional observables could readily yield results at variance with corresponding re sults from nonrelativistic models. 
III. THE LORENTZ STRUCTURE OF THE CONFINEMENT KERNEL
In this chapter, which is based upon work being prepared for submission for publication in Physical Review D, we take the next steps in our program for devel oping a relativistic QCD inspired model for the hadrons. In the previous chapter we developed general methods for solution of the BS equation with spin for a OGE plus linear confinement kernel having arbitrary Lorentz structure. In this chapter we attempt to determine the Lorentz structure of the confinement kernel and to gener alize our earlier treatment so as to be applicable eventually to treatment of the light mesons.
In developing a relativistic description of the mass spectra and amplitudes of 
I R T \-T -R.
is nonhermitian and has trace equal to zero. These facts make the generalized eigen value problem of equation (13) 
E-= E''^ -c
has been found to be quite stable for c greater than or equal to 10 Gev. The roots of these equations for E'^ come in pairs which are all positive for the heavy mesons.
These represent pairs of eigenvalues (positive and negative) of E, which correspond to mesons and antimesons. For light mesons, some pairs of roots of E' are negative, corresponding to pairs of purely imaginary eigenvalues for the energy. Following an earlier work'', we choose the basis so that these imaginary roots are far from the real roots of interest in the complex E plane and then discard the imaginary roots.
Presumably, these spurious solutions would be absent in a more complete treatment of the meson spectra.
B. Results and Discussion
Using a basis of 31 splines for each value of L we solved for eigenenergies of the
IA reduction of the BS equation with Coulomb plus confinement kernels (-(? -gf) {-{q -qT + f^'^)
The results are presented in Table 3 . and the first two 0~ states of charmonium. Our procedure is to use these states to determine a set of parameters for each choice of Lorentz structure of the confinement kernel and then to observe how well each of the corresponding spectra agree with experiment. As before, in the b-quarkonium spectrum we found, in addition to states corresponding to the observed 1~ states, two unobserved 1~ states having eigenenergies near lOlOOMeV and near 10450MeV in our calculations. We again give their eigenenergies as a prediction of these calculations. In Table 4 . we give the parameters for these fits, and the root mean square deviations between theory and experiment.
The fact that these fits are not quite as good as the description presented in the previous chapter is a reflection of the importance of the coupling to the nega tive frequency states. Further fitting strategies need to be investigated as well. For example one may include more states in the fit but a new issue then arises: the fit could be distorted if a state in the theoretical spectrum of low lying states has not yet been observed experimentally. This would lead to to fitting the wrong eigenstate to a given observed state.
C. Conclusions
Inspecting Table 3 . and Table 4 . we conclude that lA(III), the pure scalar case, gives the best fit. Testing in this way. we conclude that if confinement is to be described as in equation (14), the Lorentz structure of the confinement kernel is largely or completely scalar. Put briefly, addition of a substantial vector or pseudoscalar portion to the confinement Icernel shifts the relative spacings of the eigenstates so as to reduce the quality of the fit to the heavy meson spectra. We determined that the origin of this phenomenon is the coupling of positive and negative frequency states by doing a similar fit without including the coupling. That the origin is this mixing, is illustrated by comparison of IA(I) in Table 1 . with lA(II) Table 3 . We note that in the calculations of Chapter II, in which this coupling was ignored, addition of a pseudoscalar term to the confinement kernel produced an improved fit. Because this pronounced deterioration in the quality of the fit with addition of a substantial vector or pseudoscalar portion to the confinement kernel is due to coupling of negative and positive frequency states it may not be evident in the lowest order nonrelativistic reduction of the Bethe-Salpeter equation.
D. Outlook
For Coulomb and confinement potentials the combination of procedures out lined here seems to satisfy the criteria of accuracy and stability in a small spline basis. Because one integration was done analytically the amount of computer time was reasonable. The final version of the program took between five and twenty-five minutes of CPU time on a VAX8600 for each partial wave. Because the analytical evaluation of the singular first integration was reduced to forming linear combinations of certain fundamental integrals, the procedures described here are highly suited for vectorization.
Given a stable and accurate procedure for solution of the BS equation and knowledge of the Lorentz structure of the confinement kernel there are several inter esting issues to be investigated. First, how well can the entire meson spectrum be described with a flavor independent kernel? Second, do the transition rates and light meson distribution amplitudes obtained with these methods agree with experiment, lattice gauge calculations, and sum rule results? We are proceeding to investigate these questions.
Also underway is an attempt to adapt these methods in order to search for reso nances in the positronium continuum postulated as an explanation of some anomalous results in heavy ion experiments. The continuum problem with a one photon exchange kernel is much more difficult than the corresponding bound state problem because in addition to having singularities in the kernel of the BS equation one has singularities in the solution to the BS equation. I would also like to thank the secretaries in the Physics Department, Iowa
State University for their help resolving many extra problems encountered during my absence.
Finally, I thank Dr. Granddon Yen for his invaluble suggestion and advice in the preparation of these documents.
